Many researchers have identified some of the basic concepts in soft multi topology and many properties were investigated. The main objective of this study is to provide and study a new class of soft multi closed sets like soft multi generalized regular closed (briefly soft mgr-closed) set and to investigated some of its basic properties in soft multi topological spaces. Furthermore, soft multi α-closed set, soft multi pre-closed set, soft multi semi-closed set, soft multi b-closed set and soft multi β-closed set in soft topological spaces are defined. We show that every soft multi regular closed set is soft multi generalized regular closed set.
Introduction
Molodtsov [1] generalized with the introduction of soft sets the traditional concept of a set in the classical researches. With the introduction of the applications of soft sets [2] , the soft set theory has been the research topic and received attention gradually [19, 20, 21, 22] . The applications of the soft sets are redetected so as to develop and consolidate this theory, utilizing these new applications; a uni-int decision-making method was established [17] . Numerous notions of general topology were involved in soft sets and then authors developed theories about soft topological spaces. Shabir and Naz [3] mentioned this term to define soft topological space. After that definition, I. Zorlutuna et al. [6] , Aygunoglu et al. [4] and Hussain et al. [7] continued to search the properties of soft topological space. They obtained a lot of vital conclusion in soft topological spaces. Afterwards, many authors [4, 5, 6, 7, 8] studied the properties of some basic concepts of soft topological spaces. Chen was the first person who examined weak forms of soft open sets [18] . Chen researched soft semi-open sets in soft topological spaces and investigated some properties of it.
S. Alkhazaleh et al. [12] introduced the definition of soft multi sets. S. Alkhazaleh et al. [23] presented the definition of fuzzy soft multi set as a combination of soft multi set and fuzzy set and studied its properties and operations. K.V. Bahith et al. [24] showed AND and OR operations and provided the provision of De Morgan laws. K. Alhazaymeh et al. [25] presented the concept of vague soft multi set which is an extension of soft set. Mukherjee et al. [26] defined some new operations in fuzzy soft multi set theory and show that the De Morgan's type of results hold in fuzzy soft multi set theory with respect to these newly defined operations in our way. In [27] , presented bipolar multi-fuzzy soft set and its bacis operations and properties were studied. I. Deli [28] presented the notion of neu-trosophic soft multi-set theory and studid their properties and operations. Recently, Mukherjee et al. [13] started the study of soft multi topological spaces. They presented soft multi topological space and studied underlying concepts and properties of soft multi topological spaces such as soft multi open and closed sets, soft multi subspace, soft multi closure, soft multi neighbourhood of a point. In [29] , introduced the concepts of generalized closed and generalized open soft multi set and some important relationships about those concepts. Further, they introduced soft multi Lindelf space and give theorems about it.
Levine [10] presented the generalized open and closed sets in topological spaces. Kannan [11] introduced soft generalized closed sets in soft topological spaces which are defined over an initial universe with a fixed set of parameters. Some of their properties were investigated. Then Yüksel et al. [14] continue the study of soft generalized closed sets in a soft topological space introduced by Kannan [11] . They established their several properties in a soft compact (regular Lindelof soft, soft normal, soft countable compact) space. Also Yüksel et al. [16] defined soft regular generalized closed and open sets in soft topological spaces. They studied some basic properties of these concepts and investigated their relationships with different types of subsets of soft topological spaces with the help of counterexamples. Palaniappan and Chandrasekhar Rao [15] introduced regular closed sets in generalized topological space.
The aim of this paper is to introduce the concept of soft multi generalized regular closed sets in soft multi topological spaces. We have explored some of the basic features of this concept. We examined the relative behavior for the soft multi topological spaces. In addition, we also established several interesting results and introduced its basic characteristics with the help of some examples. The connection of the soft multi topological space formed by the newly defined sets with other topological space are also discussed in this paper and some applications of this newly defined set are also shown. We show that every soft multi regular closed set is soft multi generalized regular closed set in soft multi topological spaces.
Preliminaries
In this chapter, we remind some basic concepts of soft multi sets. Let {U i : i ∈ I} be a collection of universes such that ∩ i∈I U i = ∅ and let {E U i : i ∈ I} be a collection of sets of parameters. Let U = i∈I P(U i ) where P(U i ) denotes the power set of U i , E = i∈I E U i and A ⊆ E.
We denote the family of these soft multi sets by SMS(U E ). Definition 2.1. [12] A pair F A is called a soft multi set over U, where F is a mapping given byF : A → U.
In other words, a soft multi set over U is a parameterized family of subsets of U. For ε ⊂ A, F(ε) may be considered as the set of ε-approximate elements of the soft multi set F A . Definition 2.2. [12] For any soft multi set F A , a pair (e U i , j , Fe U i ,j ) is called a U i -soft multi set part ∀e U i , j ∈ a k and Fe U i , j ⊆ F(A) is an approximate value set, where a k ∈ A, k = {1, 2, 3, ..., n}, i ∈ {1, 2, 3, ..., m} and j ∈ {1, 2, 3, ..., r}. Definition 2.3. [12] For two soft multi sets F A and G B over U, F A is called a soft multisubset of G B if:
(1) A ⊂ B and, (2) 
where a k ∈ A, k = {1, 2, 3, ..., n}, i ∈ {1, 2, 3, ..., m} and j ∈ {1, 2, 3, ..., r}. 
Definition 2.6. [12] The relative complement of a soft multi set F A over U is denoted by F c A where F c : A → U is a mapping given by F c (e) = U − F(e), ∀e ∈ E. Definition 2.7. [12] A soft multi set F A over U is called a semi-null soft multi set denoted by (F A ) ≈Φ i if at least one of a soft multi set parts of F A equals ∅. Definition 2.8. [12] A soft multi set F A over U is called a null soft multi set denoted by (F A ) Φ , if all the soft multi set parts of F A equals ∅.
We will show that Φ A instead of (F A ) Φ and if
Definition 2.10. [12] A soft multi set F A over U is called an absolute soft multi set denoted by
We will show that U A instead of F A and if A = E, then the A-universal soft multi set is called a universal soft multi set, denoted by
Definition 2.11. [12] The union of two soft multi sets F A and G B over U denoted by F A ∪G B is the soft multi set H C where C = A ∪ B, and ∀ε ⊂ C,
Definition 2.12. [12] The intersection of two soft multi sets F A and G B over U denoted by F A ∩G B is the soft multi set H C where C = A ∪ B,and ∀ε ⊂ C,
Definition 2.13. [13] A soft multi set F A ∈ SMS(U E ) is called a soft multi point in U, denoted by e F A , if for the element e ∈ A, F(e) ϕ and ∀e c ∈ A − {e}, F(e c ) = ϕ. Definition 2.14. [13] A soft multi point e F A is said to be in the soft multi set G B , denoted by e F A ∈G B , if F A ⊂G B .
Definition 2.15. [13] Let F A ∈ SMS(U E ) and x ∈ U i , for some i. Then we say that x ∈ F A and read as x belong to the soft multi set
Remark 2.16. [13] For any x ∈ U i we say that x F A if x Fe U i , j for some e U i , j ∈ a k , a k ∈ A. Definition 2.17. The difference H E of two soft multi sets F E and G E over U, denoted by F E \G E , is defined as
Definition 2.20. [13] Let τ be the soft multi topology on (U, τ, E). A soft multi set F A in SMS(U E ) is a neighbourhood of a soft multi set G B if and only if there exists an τ-open soft multi set
Definition 2.21. [13] Let (U, τ, E) be a soft multi topological space on U and F A be a soft multi set in SMS(U E ). The family of all neighbourhoods of F A is called the neighbourhood system of F A up to topology and is denoted by N F A . Definition 2.22. [13] Let (U, τ, E) be a soft multi topological space on U and F A be a soft multi set in SMS(U E ). Then the union of all soft multi open sets contained in F A is called the interior of F A and is denoted by int(F A ) and denoted by int(F A ) = ∪{G B : G B is a soft multi open set contained in F A }. Theorem 2.23. Let (U, τ, E) be a soft multi topological space on U and
Proof. (1), (2) and (3) are obvious.
Observe that int(F A ) is a soft multi open set, since it is the combination of soft multi open sets. In addition to, int(F A ) is the largest soft multi open set over U which is contained in F A . Definition 2.24. [13] [13] Let (U, τ, E) be a soft multi topological space on U and F A be a soft multi set in U.
Then the intersection of all soft multi closed set containing F A is called the closure of F A and is denoted by cl(F A ) and denoted by cl(F A ) = ∩{G B : G B is a soft multi closed set containing F A }. Theorem 2.25. Let (U, τ, E) be a soft multi topological space over U, F E and G E are soft multi sets over U.
Then
(1) cl(Φ) = Φ and cl( U) = U (2) F E ⊂cl(F E ) (3) F E is a soft multi closed set if and only if
Proof. (1) and (2) are obvious.
If F E is a soft multi closed set over U then F E is itself a soft multi closed set over U which contains F E . So F E is the smallest soft multi closed set containing F E and F E = cl(F E ).
Conversely suppose that F E = cl(F E ). Since F E is a soft multi closed set, so F E is a soft multi closed set over U.
(4) It is obvious from part (3).
By the definition of a soft multi closure, F E ⊂cl(F E ) and
Conversely suppose that F E ⊂cl(F E ) and
Observe that cl(F A ) is a soft multi closed set, since it is the intersection of soft multi closed sets. In addition cl(F A ) is the smallest soft multi closed set containing F A . Theorem 2.26. Let (U, τ, E) be a soft multi topological space over U and F A be a soft multi set over U. Then Definition 2.27. [13] [13] Let (U, τ, E) be a soft multi topological space on U and G B be a soft multi set in SMS(U E ). The soft multi point e F A in SMS(U E ) is called a soft multi interior point of a soft multi set G B if there exists a soft multi open set H C , such that e F A ∈ H C ⊂G B .
Definition 2.28. [13] [13] Let (U, τ, E) be an soft multi topological space on U and F A be an soft multi set in SMS(U E ). Then the soft multi topology τ F A = {F A ∩G B : G B ∈ τ} is called soft multi subspace topology and (F A , τ F A ) is called soft multi topological subspace of (U, τ, E). Definition 2.29. Let I be an arbitrary index set and {F E i } i inI be a subfamily of soft multi sets over U. The union of these soft multi sets is the soft multi set G E , where Ge U i , j = tbi cup limits i∈I F i e U i , j for each e U i ,j ∈ E. We write tbi cup limits i∈I (F E i ) = G E . The intersection of these soft multi sets is the soft multi set H E , where He U i ,j = tbi cap limits i inI F i e U i , j for all e U i ,j inE. We write tbi cap limits i inI (F E i ) = H E . Proposition 2.30. Let F E , G E , H E , be the soft multi sets over U. Then
Proposition 2.31. Let F E , G E , H E , K E be the soft multi sets over U. Then
Proof. We only prove (1), (2), (3) and (7). The other proofs follow similar lines 1) Suppose that F E ⊂G E . Then F e Ui,j ⊂G e Ui,j for all e Ui, j ∈ E. Let F E ∩G E = H E . Since H e Ui,j = F e Ui, j ∩G e Ui,j = F e Ui, j for all e Ui, j ∈ E, by definition H E = F E . Suppose that F E ∩G E = F E . Let F E ∩G E = H E . Since H e Ui,j = F e Ui,j ∩G e Ui,j = F e Ui,j for all e Ui, j ∈ E, we know that F e Ui,j ⊂G e Ui,j for all e Ui, j ∈ E. Hence F E ⊂G E .
2) It is similar to the proof of (1).
3) Suppose that F E ∩G E = Φ. Then F e Ui,j ∩G e Ui,j = ∅ and so F e Ui,j ⊂U − G e Ui,j = G c e Ui,j for all e Ui,j ∈ E.
7) It follows from the following: F E ⊂G E if and only if F e Ui,j ⊂G e Ui,j for all e Ui,j ∈ E if and only if G c 
Definition 2.33. Let F E be a soft multi set over U and V be a nonempty multi subset of U. Then the soft multi subset of F E over V denoted by V F E , is defined as V F(e U i , j ) = V ∩ F(e U i , j ), for all e U i ,j ∈ E. In other words V F E = V ∩F E . Definition 2.34. Let (U, τ, E) be a soft multi topological space over U and V be a nonempty multi subset of U. Then τ V = {( V F E : F E ∈ τ} is said to be the soft multi relative topology on V and (V, τ V , E) is called a soft multi subspace of (U, τ, E). We can easily verify that τ V is, in fact, a soft multi topology on V. Theorem 2.35. Let (V, τ V , E) be a soft multi subspace of a soft topological space (U, τ, E) and F E be a soft multi set over U, then (1) F E is soft multi open set in V if and only if F E = V ∩G E for some G E ∈ τ. (2) F E is soft multi closed set in V if and only if F E = V ∩G E for some soft multi closed set G E in U.
Proof. (1) Follows from the definition of a soft multi subspace. If F E is soft multi closed set in V then we have
Definition 2.36. Let (U, τ, E) be a soft multi topological space over U, G E be a soft multi closed set in U and x ∈ U i such that x G E . If there exist soft multi open sets
is called a soft multi regular space. Definition 2.37. Let (U, τ, E) be a soft multi topological space over U, (2) U is called soft multi compact if every soft multi open cover of U has a finite multi subcover.
Definition 2.38. Let (U, τ, E) be a soft multi topological space over U, F E and G E soft multi sets over U. Two soft multi sets F E and G E are said to be soft multi disconnected sets if cl(F E ) ∩G E = Φ and cl(G E ) ∩F E = Φ.
Definition 2.39. Let (U, τ, E) be a soft multi topological space. A soft set F E is called a soft multi generalized closed (briefly smg-closed) set in U if cl(F E ) ⊂G E whenever F E ⊂G E and G E is soft multi open set in U. 
are soft multi open sets over U and τ is the soft multi topology over U and therefore, (U, τ, E) is a soft multi topological space over U. Let H E and G E be two soft multi sets over U such that H E = {((e U 1 ,1 , e U 2 ,1 ), ({a 1 , a 2 }, {b 2 , b 3 })), ((e U 1 ,2 , e U 2 ,2 ), ({a 3 }, {b 2 , b 3 }))} and G E = {((e U 1 ,1 , e U 2 ,1 ), ({a 1 , a 3 }, {b 1 , b 2 })), ((e U 1 ,2 , e U 2 ,2 ), ({a 1 , a 3 }, {b 2 }))}. Clearly, H E and G E are soft mgr-closed sets in (U, τ, E) but H E ∩G E is not soft mgr-closed set.
If (U, τ, E) is a soft multi topological space over U and V ⊆ W ⊆ U is nonempty multi subsets of U, then we shall denote the soft multi closure of V with respect to relative soft multi topology on (W, τ W , E) by
Theorem 3.10. Let (U, τ, E) be a soft multi topological space over U and V ⊆ W ⊆ U be nonempty subsets of U. If V is a soft mgr-closed set relative to (W, τ W , E) and W is a smg-closed, soft multi open set relative to (U, τ, E), then V is soft mgr-closed relative to (U, τ, E).
Proof. Let V ⊂ F E and let F E be soft multi regular open set. Since V ⊂ W, we have V ⊂ W and V ⊂ W ∩F E . But V is a soft mgr-closed set relative to (W, τ W , E).
Since W is smg-closed set in (U, τ, E), from (3) we have cl( W) ⊂F E ∪(cl( V)) c ... (4) . But cl( V) ⊂cl( W) ... (5) . From (4) and (5) we have cl( V) ⊂F E ∪(cl( V)) c . Therefore, since cl( V) ∩(cl( V)) c = Φ, we obtain cl( V) ⊂F E . This implies that V is soft mgr-closed set relative to (U, τ, E). Theorem 3.11. Let (U, τ, E) be a soft multi topological space over U and V ⊆ U be nonempty multi subset of U, F E be a soft multi set over V. If V is soft multi open set in U and F E is soft mgr-closed set in (U, τ, E), then F E is soft mgr-closed set relative to (V, τ V , E).
Proof. Let F E ⊂ V ⊂G E and suppose that G E is soft multi regular open set in U. Then F E ⊂G E and hence
Hence we obtain F E is soft mgr-closed set relative to (V, τ V , E). Theorem 3.12. Let (U, τ, E) be a soft multi topological space and F E be a soft multi set over U. If a soft multi set F E is soft mgr-closed set, then cl(F E ) − F E contains only null soft multi regular closed set.
Proof. Suppose that F E is soft mgr-closed set. Let H E be a soft multi regular closed subset of cl(F E ) − F E . Then H E ⊂cl(F E ) ∩F c E and so F E ⊂H c E . But F E is a soft mgr-closed set. Therefore cl(F E ) ⊂H c E . Consequently H E ⊂(cl(F E )) c ...(1). We have already H E ⊂cl(F E ) ... (2) . From (1) and (2) H E ⊂cl(F E ) ∩(cl(F E )) c = Φ. Thus H E = Φ. Therefore cl(F E ) − F E contains only null soft multi regular closed set. Remark 3.13. As can be seen from the following example, the inverse of this theorem, it is not generally true.. is not soft mgr-closed set in (U, τ, E). Corollary 3.15. Let (U, τ, E) be a soft multi topological space and F E a soft mgr closed set in U. F E is soft multi regular closed if and only if cl(int(F E )) − F E is soft multi regular closed set.
Proof. Let F E be a soft mgr-closed set. If F E is soft multi regular closed, then cl(int(F E )) ⊂F E = Φ. Since Φ is always soft multi regular closed set, then cl(int(F E )) ⊂F E is soft multi regular closed set. Conversely, suppose that cl(int(F E )) ⊂F E is soft multi regular closed set. Since F E is soft mgr-closed set and cl(F E ) − F E contains the soft multi regular closed set cl(int(F E )) ⊂F E , then cl(int(F E )) ⊂F E = Φ by Theorem 3.12. Hence cl(int(F E )) = F E . Therefore F E is soft multi regular closed set. Theorem 3.16. Let (U, τ, E) be a soft multi topological space and F E a soft multi set over U. If F E is soft mg-closed set, then F E is soft mgr-closed set.
Proof. Suppose that F E ⊂G E , where G E is soft multi regular open set. If G E is soft multi regular open set, then G E is soft multi open set. Thus F E ⊂G E and G E is soft multi open set. Since F E is soft mg-closed set, then cl(F E ) ⊂G E . Therefore F E is a soft mgr-closed set.
Example 3.17. The soft multi topological space (U, τ, E) is the same as in Example 3.9. Clearly, F 3 E is soft mgr-closed set in (U, τ, E), but it is not soft mg-closed set.
is a soft mgr open set. But F 1 E is not a soft mgr-closed set in (U, τ, E).
Conclusions
In this study, we defined soft multi generalized regular colsed set soft multi topological spaces. We have explored some of the basic features of this concept. We examined the relative behavior for the soft multi topological spaces. In addition, we also established several interesting results and presented its basic characteristics with the help of some examples. In the future,this concept will form a basis for a new type of extension. In this study, the development of research findings and to establish a general framework for practical application of soft multi sets will hope for encourage further study topological spaces.
